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In this work, the FALCON code is adopted for illustrating the features of shear Alfvén
and continuous spectra in toroidal fusion plasmas. The FALCON codes employs the local
Floquet analysis discussed in [Phys. of Plasmas 26 (8), 082502 (2019)] for comput-
ing global structures of continuous spectra in general toroidal geometry. As particular
applications, reference equilibria for the Divertor Tokamak Test and ASDEX Upgrade
plasmas are considered. In particular, we illustrate the importance of mode polarization
for recognizing the physical relevance of the various branches of the continuous spectra in
the ideal MHD limit. We also analyze the effect of plasma compression and the validity
of the slow sound approximation.
1. Introduction
Fast ion destabilized Alfvén modes are of interest to Tokamaks, as they can lead to
increased rapid ion losses and ultimately affect fusion efficiency. Therefore, the calculation
of shear Alfvén wave (SAW) continuous spectrum (Barston 1964; Sedláček 1971; Grad
1969; Uberoi 1972; Tataronis & Grossmann 1973; Hasegawa & Chen 1974; Chen &
Hasegawa 1974a,b; Dewar et al. 1974; Appert 1974; Goedbloed 1975; Pao 1975; Chance
et al. 1977) is of crucial importance as it determines mode structures and dispersive
properties of Alfvénic fluctuations excited by energetic particles (EPs) in fusion devices
(Zonca & Chen 2014a,b). It is well known that SAW and ion sound wave (ISW)
continuous frequency spectra are coupled due to equilibrium magnetic field curvature
(Pogutse & Yurchenko 1978; D’Ippolito & Goedbloed 1980; Kieras & Tataronis 1982;
Cheng et al. 1985; Cheng & Chance 1986) and that their structures should be considered
self-consistently. Being able to describe realistic geometries and plasma non-uniformity
is therefore of crucial importance to compare numerical results with experiments. For
these reasons, following Chen & Zonca (2016a); Zonca & Chen (2014a,b); Chen &
Zonca (2017), in Falessi et al. (2019) we have shown how to calculate the two frequency
spectra by solving the MHD equations in the ballooning space describing SAW-ISW
waves propagating along magnetic field lines in general toroidal geometry. This approach
corresponds to a mathematical formulation in the framework of the Floquet theory
of ordinary differential equations with periodic coefficients (Salat & Tataronis 1997);
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and it is equivalent to the typical one consisting in a spectral decomposition of the
fluctuations in poloidal and toroidal angles and the null space (kernel) computation of
the matrix of the highest order radial derivative (Chance et al. 1977). Anyway, as already
pointed out by Chu et al. (1992), the Floquet approach (Falessi et al. 2019) simplifies
the calculation of the convoluted continuous spectrum structures at high mode numbers
and/or near the plasma boundary. Within this framework, the general description of
SAWs and ISWs using Gyrokinetic theory has been given by Chen & Zonca (2016a);
Zonca & Chen (2014a,b), and allows to include thermal plasma (Zonca et al. 1996, 1998,
1999; Lauber 2013; Bowden et al. 2015; Lauber & Lu 2018) as well EPs (Chen & Zonca
2016b; Zonca & Chen 2014a,b). Moreover, the generality of the formulation allows, in
principle, the Floquet approach to be extended to include three-dimensional equilibrium
effects. As shown by Falessi et al. (2019), there is a straightforward connection of the
present approach with the calculation of the generalized plasma inertia in the general
fishbone-like dispersion relation (GFLDR), that is, the unified framework for describing
Alfvénic fluctuations excited by EPs in Tokamaks (Chen & Zonca 2016a; Zonca & Chen
2014a,b). The GFLDR can be used for macroscopic fluctuation stability and nonlinear
dynamics studies to extract the distinctive features of the different Alfvén eigenmode
(AE)/ Energetic Particle Mode (EPM) branches, thus illuminating the crucial physics
responsible for the behaviors observed either experimentally or by numerical simulations.
This is of fundamental importance because, despite the advances made in gyrokinetic
simulations, the precise interpretation of the observed fluctuations is often not sufficiently
clear and debatable. This is particularly the case of the mode structure and damping rate
at the Beta induced Alfvén Acoustic Eigenmode (BAAE) frequency range which will be
briefly commented in the next sections, keeping in mind the need of kinetic theory as
pointed out in Refs. (Chavdarovski & Zonca 2009; Zonca et al. 2010; Chavdarovski &
Zonca 2014; Zhang et al. 2016; Bierwage & Lauber 2017; Lauber 2013). As an additional
advantage, the Floquet approach allows to determine precise boundary conditions for the
calculation of (radially) local parallel mode structures (Zonca & Chen 2014a,b).
Below, we follow and systematize the findings by Falessi et al. (2019), that is a
numerical approach for the calculation of coupled SAW-ISW Alfvén continuous spectra
within the aforementioned theoretical framework, resulting in the development of the
Floquet ALfvén CONtinuum code, i.e. FALCON. Thanks to the generality of the theoretical
formulation, the code structure is extremely schematic and entirely written in Python
without compromising code performances. While the work by Falessi et al. (2019)
was focused mainly on the calculation of continuum frequency, we now outline the
important role of fluctuation polarization, for which we also propose the Alfvénicity
parameter as a proxy to gain further insights and guide physics intuition about the
qualitative importance of collisionless damping. More precisely, Alfvénicity can be used
to characterize radial singular structures by superimposing its magnitude as color bar
in the continuous spectrum plots allowing, at a glance, to determine the effective role of
resonant excitation and to study the shaping and finite pressure effects on the continuous
spectrum structures at low frequency (Chu et al. 1992; Huysmans et al. 1995; Goedbloed
1998; Van der Holst et al. 2000). Below, SAW-ISW continuous spectra are calculated
within three different levels of approximation for two reference cases, i.e. the ASDEX
Upgrade (AUG) #31213 discharge and the Divertor Tokamak Test (DTT) double null
scenario. The range of physical parameters of the two configurations, e.g. β, is large
enough to investigate their effects on the continuum structures. Thus, our results allow
verification and validation of a given simplified model.
The paper is organized as follows. In Sec. 2 we recall the theoretical framework
introduced in Falessi et al. (2019). As original application, in Sec. 3-4 we solve for the
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SAW and ISW spectra in the two aforementioned reference scenarios. In Sec. 5, we present
our conclusions.
2. Theoretical framework & solution technique
In the following Section, we briefly review the equations describing SAW-ISW contin-
uum in the ideal MHD limit, which are solved by FALCON code using the mode structure
decomposition approach (Lu et al. 2012) that asymptotically reduces to the ballooning
formalism. The general theoretical framework is explored in (Chen & Zonca 2017) and
is based on Zonca & Chen (2014a,b) while, more recently, we have shown how Floquet
theory (Floquet 1883; Hill 1886; Magnus & Winkler 2013; Denk 1995) can be applied to
numerically solve this problem.
In this work, we study Tokamak geometry and, therefore, without loss of generality,
we assume an axisymmetric equilibrium magnetic field B0 expressed in flux coordinates
(r, θ, ϕ):
B0 = F (ψ)∇ϕ+∇ϕ×∇ψ , (2.1)
where ψ is the poloidal magnetic flux, r = r(ψ) is a radial-like flux coordinate, ϕ is the
physical toroidal angle and the poloidal-like angular coordinate θ can be chosen such
that the Jacobian J = (∇ψ×∇θ ·∇ϕ)−1 has a convenient expression. Furthermore, we
can define the straight field line toroidal angle ζ such that the safety factor
q =
B0 ·∇ζ
B0 ·∇θ = q(r) (2.2)
is a flux function. Following Connor et al. (1978), we introduce the extended poloidal
angle coordinate ϑ and the following decomposition for the n-th toroidal harmonic of a
scalar field Φs:
Φs(r, θ, ζ) = 2pi
∑
`∈Z
einζ−inq(θ−2pi`)Φˆs(r, θ − 2pi`) =
=
∑
m∈Z
einζ−imθ
∫ ∞
−∞
dϑei(m−nq)ϑΦˆs(r, ϑ) . (2.3)
In this expression, ϑ represents not only the “extended poloidal angle” along magnetic field
lines, but also, due to finite magnetic shear, the effective expression of an adimensionalized
radial wave vector. Radial singular structures corresponding to the continuous spectra are
obtained from the limiting forms of vorticity and pressure equations for |ϑ| → ∞ (Zonca
& Chen 2014a,b; Chen & Zonca 2017). In the mapping to ϑ space, periodic poloidal
angle dependences of equilibrium quantities are replaced by the same dependences on ϑ.
While fluctuations must be periodic in θ space for physical reasons, they are generally
not periodic in ϑ. In Falessi et al. (2019) we have introduced an appropriate angular
coordinate to express the SAW frequency continuum more transparently; i.e.:
η(ϑ) ≡ 2pi
∫ ϑ
0
dϑ′|∇r|−2∫ 2pi
0
dϑ′|∇r|−2
. (2.4)
By construction, the Jacobian Jη of this new set of coordinates, dubbed continuum flux
coordinates (CFC), is such that JηB20/|∇r|2 is a flux function. Following Chen & Zonca
(2017); Falessi et al. (2019), we introduce the equations describing SAW-ISW singular
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structures propagating along magnetic field lines in CFC coordinates:(
∂2η + Jˆ
2
η ρˆm0Ω
2
)
g1 = 2Bˆ0ρˆ
1/2
m0 Jˆ
2
η κˆgΩ g2 ,(
∂2η − |∇r|∂2η |∇r|−1 +
2
Γβ
ρˆm0Jˆ
2
ηΩ
2
)
g2 = 2Bˆ0ρˆ
1/2
m0 Jˆ
2
η κˆgΩ g1
(2.5)
where we have introduced the following dimensionless quantities:
Ω =
ωR0
v¯A0
, Jˆ2η ≡
J2η B¯
2
0
R20
, ρˆm0 =
ρm0
ρ¯m0
, Bˆ0 =
B0
B0
, κˆg = κgR0. (2.6)
Here, vA0 is the Alfvén velocity, ρm0 is the equilibrium mass density, B0 is the equilibrium
magnetic field, κg is the geodesic curvature, R0 is the radial position of the magnetic axis
and all the quantities marked with a bar are calculated as reference values. FALCON
code solves this linear system of second order coupled differential equations within
different levels of simplification and calculates the relative SAW-ISW continuous spectra
as described in Falessi et al. (2019). In particular, when the first and the second terms
on the LHS of the second equation of (2.5) are negligible compared to the third one, i.e.
when ρˆm0/Γβ  1, the set of coupled differential equations reduces to:(
∂2η + Jˆ
2
η ρˆm0Ω
2 − 2ΓβJˆ2η Bˆ20 κˆ2g
)
g1 = 0; (2.7)
describing the slow sound approximation (Chu et al. 1992). Considering the limit
ρˆm0/Γβ → ∞ allows neglecting the third term of Eq. (2.7); thus, recovering the
incompressible ideal MHD limit. In the following work, the SAW-ISW continuum is
solved within these three levels of progressive simplification that is, the whole Eqs. (2.5),
the slow sound approximation (2.7), and the incompressible ideal MHD limit.
Equations (2.5) and (2.7), are linear ODEs with periodic coefficients and, as extensively
discussed in Falessi et al. (2019), Floquet theory can be applied. After re-writing Eqs.
(2.5) and (2.7) as first order systems, it can be shown that they must have solutions
in the following form: x = eiνηP(η), where P is a 2pi-periodic vector function and
ν is the characteristic Floquet exponent labelling the particular solution. In “Floquet
stable regions”, i.e. where ν is real, solutions are defined by radial singular structures
corresponding to the SAW-ISW continuous spectrum. Meanwhile, unstable regions with
complex ν are characterized by regular solutions in the frequency gaps. It is possible
to find these solutions for any given value of r; thus, calculating the dispersion curves
ν = ν(Ω, r), which involve only local quantities and describe wave packets propagating
along magnetic field on a given flux surface. We emphasize the fact that one of the
key benefits of this approach is that the dispersion curves are independent of the
toroidal mode number, thus allowing high n values to be analyzed without any resolution
problems. Following Chen & Zonca (2016a); Zonca & Chen (2014a,b); Chen & Zonca
(2017); Falessi et al. (2019), it is possible to relate the characteristic exponent to the
toroidal and poloidal mode numbers; i.e., to express the continuous spectrum in the
form:
ν2(Ω, r) = (nq(r)−m)2. (2.8)
Integrating Eqs. (2.5) and (2.7) for different Ω values it is possible to calculate the
continuous frequency spectrum for every value of the toroidal mode number retaining
the effect of all poloidal harmonic couplings. Extensions to 3D/stellarator geometry and
gyrokinetic theory would be obtained in the same way from the more general governing
equations (Zonca & Chen 2014a,b; Chen & Zonca 2016b).
In Chavdarovski & Zonca (2009); Zonca et al. (2010); Chavdarovski & Zonca (2014),
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the crucial role of polarization is emphasized, due to its fundamental role in determining
the finite parallel electric field and, ultimately, the mode damping due to collisionless
dissipation. The actual assessment of mode damping requires gyrokinetic theory to be
employed, especially in high-β plasmas due to diamagnetic effects which can significantly
alter collisionless damping and cause the coupling of different branches. In particular it is
shown how fluctuations in the “BAAE frequency” range can have Alfvénic polarization,
thus showing strongly reduced Landau damping. Given the profound connection of mode
damping with the acoustic rather than the Alfvénic character of the mode, it is, therefore,
of crucial importance to fully characterize the mode polarization even in the ideal MHD
limit. This information, can be used as a proxy to anticipate the possible impact of kinetic
effects, on the one hand. Furthermore, polarization knowledge allows to assess the actual
coupling of a given (physical) fluctuation with the continuous spectrum, characterized
by the corresponding polarization. Thus, in Falessi et al. (2019), without solving for the
self-consistent mode structure and dispersion relation, a qualitative information about
the effective role of resonant excitation of continuum structures is obtained from the
so-called Alfvénicity parameter:
A =
∫
(g
(i)
1 (η; ν, r))
2dη∫
[(g
(i)
1 (η; ν, r))
2 + (g
(i)
2 (η; ν, r))
2]dη
. (2.9)
In the considered MHD limit, A ' 1 for SAW continuum while A ∼ O(β) for the acoustic
continuum. A SAW polarized fluctuation has in general weak interaction with the acoustic
polarized continuum. Meanwhile, an ISW polarization weakly interacts with the SAW
continuous spectrum. Polarization and Alfvénicity, connected to each other as discussed
by Falessi et al. (2019), are therefore of particular importance since the presence of
continuum structures does not automatically imply damping (Chen & Hasegawa 1974b,a;
Hasegawa & Chen 1974). As an illustrative example, in Fig. 1 we show the local dispersion
curve ν(Ω, r) obtained integrating Eqs. (2.5) on a given flux surface of the DTT reference
scenario (Albanese et al. 2017, 2019) using the Alfvénicity as color bar. The usual MHD
accumulation point at Ω = 0 is the merging point of the low-frequency MHD fluctuations
including inertia renormalization, characterized by predominant Alfvénic polarization
(Chen & Zonca 2017). Ω = 0 is also the accumulation point for the acoustic continuum
with nearly orthogonal polarization with respect to the former one. Meanwhile, here, the
BAAE gap is located at Ω ' 0.1, while the BAE gap is at Ω ' 0.2. It is instructive to
note that polarization can be significantly modified along the dispersion curves, and that
frequency by itself is not sufficient to fully characterize the properties (e.g., damping) of
fluctuations, which also require detailed knowledge of spatial structures to be assessed.
3. Application of FALCON to a DTT scenario
In this Section, in order to illustrate an application of FALCON, we calculate the
frequency continuum of SAW and ISW waves in a DTT reference scenario (Albanese et al.
2017, 2019). The same scenario has been analyzed in Falessi et al. (2019). The magnetic
equilibrium has been originally calculated by means of the free boundary equilibrium
evolution code CREATE-NL (Albanese et al. 2003) and further refined using the high-
resolution equilibrium solver CHEASE (Lütjens et al. 1996). We consider a double null
configuration, whose basic profiles are depicted in Fig. 2 as a function of the normalized
toroidal radius r/a, i.e. the radial coordinate proportional to the square root of the
toroidal magnetic flux. We note that, for the analyzed case, the kinetic pressure on
axis is 1.0768 × 106 Pa, the flux function F on axis is 12.95 Vs, while the density is
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Figure 1: Plot of the local dispersion curve ν(Ω, r) at r/a = 0.58 on DTT. The color
bar show the Alfvénicity.
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Figure 2: Plots of the main profiles for the DTT reference scenario. Every quantity
except q is normalized to its value on the magnetic axis. In the left panel, the toroidal
flux function is depicted while the right panel shows the kinetic pressure, the density and
the safety factor q.
2.0739×1019 m-3. The normalized density profile has been obtained by studies of plasma
scenario formation using the fast transport simulation code METIS (Artaud et al. 2018).
In Fig. 3, we show the behavior of SAW-ISWs continuous spectra for a value of the
toroidal mode number n = 2. The code computes the Alfvénicity as introduced in Eq.
(2.9), which is plotted as a color-bar. In particular, we note that this allows to isolate
SAW polarized branches when approaching the plasma edge. In fact, in this region, high
order ISW side-bands are present due to the low value of plasma pressure and coupled
because of the shaping of the equilibrium. However, most of them are not physically
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Figure 3: SAW-ISW continuous spectrum as a function of r/a for n = 2 in DTT. The
color bar show the Alfvénicity. For the sake of clarity, we did not plot all the acoustic
branches nearby the plasma edge.
relevant due to the stronger kinetic damping of the ISW branch. Furthermore, due to their
negligible Alfvénicity, they would be weakly coupled to any fluctuation with prevalent
Alfvénic polarization, for which the “web of acoustic continua” near the plasma boundary
is nearly transparent.
As already mentioned, FALCON solves the SAW-ISW continuum spectrum within dif-
ferent levels of simplification. In particular, in Fig. 4, we show the results obtained by
using the slow sound approximation, i.e. Eq. (2.7), and compare it to the results obtained
neglecting the coupling with ISWs in the incompressible ideal MHD limit. In the same
Figure, we plot the isolines of the flux surface averaged quantity Π = 〈ρˆm0/Γβ〉ψ. As
expected, the agreement between the two approximations is quite good when Π is larger,
i.e. approaching the plasma edge and at higher frequencies. By direct inspection of Fig.
4, we see that the first branch of the ideal SAW continuous spectrum is for a substantial
part under the first Π isoline, i.e. Π = 10. In this region SAW-ISW corrections with
respect to the incompressible ideal MHD case are consistent as we can infer from Fig. 3.
In particular the BAAE gap (Gorelenkov et al. 2009, 2007b,a) extends up to Ω ∼ 0.25
and, therefore, studying the complete system, i.e. Eq. (2.5), is mandatory in this range of
frequencies. The slow sound approximation seems to be adequate in the region between
the first two isolines, i.e. 10 < Π < 100 since the correction are very small with respect to
the whole system. As anticipated, the incompressible MHD continuous spectrum agrees
well with this approximation in the remaining portion of the plot. We note that, nearby
the plasma edge, Π increase very fast with respect to Ω variations. For this reason,
results obtained with the three different level of approximation are becoming more and
more similar as the frequency decreases. This can be clearly seen in Fig. 5. In principle,
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Figure 4: SAW-ISW continuous spectrum calculated using the slow-sound approximation
as a function of r/a for n = 2 on DTT is represented in purple. Results obtained in the
incompressible ideal MHD limit are plotted in blue. Dotted and/or dashed lines describe
curves of constant Π = 〈ρˆm0/Γβ〉ψ.
the contour plot of Π could be used routinely by the code to automatically choose the
appropriate reduced model in the continuum equations, if needed, to possibly reduce
the computational load and to illuminate the relevant physical processes. In Fig. 5, we
compare these results with the SAW-ISWs continuous spectrum already shown in Fig. 3.
Again, the agreement between the slow sound approximation and the respective Alfvénic
branch of the complete system is quite good for high frequencies and approaching the
plasma edge. Furthermore, in regions where Π is significantly high the ISWs coupling can
be even neglected and the incompressible ideal MHD limit can be used. As already stated,
complex low frequencies continuum structures, e.g. the frequency gaps due to SAW-ISW
and/or ISW-ISW couplings dubbed BAAE gap can be described only by means of the
complete SAW-ISW system.
4. Application of FALCON to an AUG scenario
In this Section, we perform the same analysis of Sec. 3 applied to the AUG #31213
discharge. The magnetic equilibrium has been originally calculated by means of HELENA
(Huysmans et al. 1991) and further refined using the high-resolution equilibrium solver
CHEASE (Lütjens et al. 1996). We consider a single null scenario whose basic profiles
are shown in Fig. 6 as a function of the normalized toroidal radius r/a. We note that, for
the analyzed case, the kinetic pressure on axis is 3.0781× 104 Pa, the flux function F on
axis is 3.68 Vs, while the density is 1.3607×1019m-3. It should be noted that this specific
AUG plasma has a particularly low plasma β in order to maximise the ratio βEP /β ∼ 1
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Figure 5: SAW-ISW continuous spectrum obtained with different level of simplifications
on DTT as a function of r/a for n = 2. The first branches obtained, respectively, with
the slow sound approximation and ideal MHD incompressible limit are marked in purple
and blue. The color bar shows the Alfvénicity.
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Figure 6: Plots of the main profiles in the AUG #31213 discharge. Every quantity except
q is normalized to its value on the magnetic axis. In the left panel, the toroidal flux
function is depicted, while the right panel shows the kinetic pressure, the density and
the safety factor q.
for the detailed study of EP-induced instabilities (Horváth et al. 2016). It is chosen here
to demonstrate the influence of low and high β on the polarization.
In Fig. 7 we show the results for the obtained SAW-ISWs spectra. The multiplicity
of ISW branches with respect to the DTT reference case is due to the lower β. In
particular, the BAAE gap extend up to Ω ∼ 0.06 As in the DTT case, Alfvénicity
allows to distinguish SAW polarized branches. Results obtained using the slow sound
approximation and incompressible ideal MHD limit are illustrated in Fig. 8. As expected,
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Figure 7: SAW-ISW continuous spectrum as a function of r/a for n = 2 in the AUG
#31213 discharge. The color bar shows the Alfvénicity.
the region of validity of this approximation in the (Ω, r/a) plane is increased with respect
to the DTT reference case, confirming that Alfvénic fluctuations in DTT plasmas will be
more importantly affected by kinetic and compressibility effects than AUG (Lauber &
Günter 2008; Lauber et al. 2009, 2012; Lauber 2013; Bierwage & Lauber 2017). The slow
sound approximation correctly describes most of the propagation of SAW-ISW waves
with frequencies above the BAE gap while Alfvénic branches are correctly represented in
the majority of the plot also by the incompressible ideal MHD limit. The structures at
the BAAE frequency range appear to be less Alfvénic polarized with respect to the DTT
reference scenario. Again, this is consistent with the findings reported in the literature
(Lauber & Günter 2008; Lauber et al. 2009, 2012; Lauber 2013; Bierwage & Lauber
2017), which show that the acoustic branch in AUG is typically strongly damped and
that modes in the BAAE frequency range are essentially kinetic ballooning modes with
predominant Alfvénic polarization, where diamagnetic effects play important roles. More
precisely, damping of the BAAE branch at AUG is found to be significantly reduced only
very close to rational surfaces, again consistently with theoretical predictions (Lauber
2013).
5. Conclusions
In this work, following Falessi et al. (2019), we have calculated the SAW-ISW con-
tinuous spectrum in realistic Tokamak geometry by means of the newly developed
FALCON code, using the theoretical framework introduced in Chen & Zonca (2016a);
Zonca & Chen (2014a,b); Chen & Zonca (2017) based on the mode structure decomposi-
tion/ballooning formalism (Lu et al. 2012). Apart from its simplicity, the main advantages
of this formulation have been reviewed with particular attention to the ability to isolate
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Figure 8: SAW-ISW continuous spectrum in the AUG #31213 discharge calculated using
the slow sound approximation as a function of r/a for n = 2 is represented in purple.
Results obtained in the incompressible ideal MHD limit are plotted in blue. Dotted
and/or dashed lines describe curves of constant Π = 〈ρˆm0/Γβ〉ψ .
the radially local (singular) behaviors of the continuous spectra and handle fluctuations
with large toroidal mode numbers efficiently. These motivations guided us to create a
new computational tool, i.e. the FALCON code. The proposed methodology clearly shows
the significance of fluctuation polarization in the evaluation of damping by resonant
absorption of singular radial continuous spectrum structures. Therefore, following Falessi
et al. (2019), an Alfvénicity parameter is introduced, which gives a qualitative estimate of
the coupling strength of Alfvénic fluctuations to the acoustic continuum without solving
for the actual fluctuation structures. Adopting DTT and AUG reference scenarios as
example of, respectively, high- and low-β tokamak equilibria, the Alfvénicity parameter
has been computed in the (Ω, r/a) plane, thus allowing us to properly characterize the
physical nature of the observed spectra. Meanwhile, the FALCON code can now operate
with different levels of simplification, if needed for further speed-up, and, in particular,
use the slow sound approximation, which is shown to be particularly relevant for the
study of relatively low β equilibria. Moreover, this approach not only allows one to
address the structures of SAW and ISW continuous spectra in general toroidal geometry,
but also provides the most straightforward way of computing the generalized inertia
in the GFLDR for generic Alfvén and Alfvén acoustic modes (Chen & Zonca 2016a;
Zonca & Chen 2014a,b). The current formalism, based on Floquet theory, is extremely
general and could be extended to 3D plasma equilibria such as stellarators and/or to
the kinetic description of coupled SAW and ISW continua. Finally, it could be applied
to calculate the boundary conditions for mode structures and their relative dispersion
relations consistent with the GFLDR.
12 M.V. Falessi, N. Carlevaro, V. Fusco, E. Giovannozzi, G. Vlad, F. Zonca
6. Acknowledgment
This work has been carried out within the framework of the EUROfusion Consortium
and has received funding from the Euratom research and training programme 2014-2018
and 2019-2020 under grant agreement No 633053. The views and opinions expressed
herein do not necessarily reflect those of the European Commission.
Authors thank the DTT and the ASDEX Upgrade Teams for providing the information
on the respective reference scenarios.
REFERENCES
Albanese, R., Calabrò, G., Mattei, M. & Villone, F. 2003 Plasma response models
for current, shape and position control in JET. Fusion Engineering and Design 66-68,
715–718.
Albanese, R., Crisanti, F., Martin, P., Martone, R., Pizzuto, A. & DTT project
proposal contributors 2019 DTT Divertor Tokamak Test facility, Interim Design
Report [ISBN:978-88-8286-378-4] .
Albanese, R., Pizzuto, A., Team, WPDTT2 & others 2017 The DTT proposal. A
tokamak facility to address exhaust challenges for DEMO: Introduction and executive
summary. Fusion Engineering and Design 122, 274–284.
Appert, K. 1974 Continuous spectra of a cylindrical magnetohydrodynamic equilibrium.
Physics of Fluids 17 (7), 1471.
Artaud, J. F., Imbeaux, F., Garcia, J., Giruzzi, G., Aniel, T., Basiuk, V., Bécoulet,
A., Bourdelle, C., Buravand, Y., Decker, J., Dumont, R., Eriksson, L. G.,
Garbet, X., Guirlet, R., Hoang, G. T., Huynh, P., Joffrin, E., Litaudon, X.,
Maget, P., Moreau, D., Nouailletas, R., Pégourié, B., Peysson, Y., Schneider,
M. & Urban, J. 2018 Metis: a fast integrated tokamak modelling tool for scenario design.
Nucl. Fusion 58 (10), 105001.
Barston, E.M. 1964 Electrostatic oscillations in inhomogeneous cold plasmas. Annals of
Physics 29 (2), 282–303.
Bierwage, A. & Lauber, P. 2017 Gyrokinetic analysis of low-n shear Alfvén and ion sound
wave spectra in a high-beta tokamak plasma. Nuclear Fusion 57 (11), 116063.
Bowden, G. W., Hole, M. J. & Könies, A. 2015 Calculation of continuum damping of Alfvén
eigenmodes in tokamak and stellarator equilibria. Physics of Plasmas 22 (9), 092114.
Chance, M.S., Greene, J.M., Grimm, R.C. & Johnson, J.L. 1977 Study of the MHD
spectrum of an elliptic plasma column. Nuclear Fusion 17 (1), 65–83.
Chavdarovski, I. & Zonca, F. 2009 Effects of trapped particle dynamics on the structures of
a low-frequency shear Alfvén continuous spectrum. Plasma Physics and Controlled Fusion
51 (11), 115001.
Chavdarovski, I. & Zonca, F. 2014 Analytic studies of dispersive properties of shear Alfvén
and acoustic wave spectra in tokamaks. Physics of Plasmas 21 (5), 052506.
Chen, L. & Hasegawa, A. 1974a Plasma heating by spatial resonance of Alfvén wave. The
Physics of Fluids 17 (7), 1399–1403.
Chen, L. & Hasegawa, A. 1974b A theory of long-period magnetic pulsations: 1. steady state
excitation of field line resonance. Journal of Geophysical Research 79 (7), 1024–1032.
Chen, L. & Zonca, F. 2016a Physics of Alfvén waves and energetic particles in burning
plasmas. Rev. Mod. Phys. 88, 015008.
Chen, L. & Zonca, F. 2016b Physics of Alfvén waves and energetic particles in burning
plasmas. Reviews of Modern Physics 88 (1), 015008.
Chen, L. & Zonca, F. 2017 On energetic-particle excitations of low-frequency Alfvén
eigenmodes in toroidal plasma. Physics of Plasmas 24 (7), 072511.
Cheng, C. Z. & Chance, M.S. 1986 Low-n shear Alfvén spectra in axisymmetric toroidal
plasmas. Physics of Fluids 29 (11), 3695.
Cheng, C. Z., Chen, L. & Chance, M.S. 1985 High-n ideal and resistive shear Alfvén waves
in tokamaks. Annals of Physics 161 (1), 21–47.
Chu, M. S., Greene, J. M., Lao, L. L., Turnbull, A. D. & Chance, M. S. 1992 A
On the polarization of shear Alfvén and acoustic continuous spectra 13
numerical study of the high-nshear Alfvén spectrum gap and the high-ngap mode. Physics
of Fluids B: Plasma Physics 4 (11), 3713–3721.
Connor, J. W., Hastie, R. J. & Taylor, J. B. 1978 Shear, periodicity, and plasma
ballooning modes. Physical Review Letters 40 (6), 396–399.
Denk, R. 1995 Convergence Improvement for the Infinite Determinants of Hill Systems.
Zeitschrift Angewandte Mathematik und Mechanik 75, 463–470.
Dewar, R. L., Grimm, R. C., Johnson, J. L., Frieman, E. A., Greene, J. M. &
Rutherford, P. H. 1974 Long-wavelength kink instabilities in low-pressure, uniform
axial current, cylindrical plasmas with elliptic cross sections. Physics of Fluids 17 (5),
930.
D’Ippolito, D. A. & Goedbloed, J.P. 1980 Mode coupling in a toroidal sharp-boundary
plasma. i. weak-coupling limit. Plasma Physics 22 (12), 1091–1107.
Falessi, M.V., Carlevaro, N., V., Fusco, Vlad, G. & Zonca, F. 2019 Shear Alfvén and
acoustic continuum in general axisymmetric toroidal geometry. Physics of Plasmas 26 (8),
082502.
Floquet, G. 1883 Sur les équations différentielles linéaires à coefficients périodiques. In Annales
scientifiques de l’École normale supérieure, , vol. 12, pp. 47–88.
Goedbloed, J. P. 1975 Spectrum of ideal magnetohydrodynamics of axisymmetric toroidal
systems. Physics of Fluids 18 (10), 1258.
Goedbloed, J. P. 1998 Once more: The continuous spectrum of ideal magnetohydrodynamics.
Physics of Plasmas 5 (9), 3143–3154.
Gorelenkov, N N, Berk, H L, Crocker, N A, Fredrickson, E D, Kaye, S, Kubota, S,
Park, H, Peebles, W, Sabbagh, S A, Sharapov, S E & et al. 2007a Predictions and
observations of global beta-induced Alfvén—acoustic modes in JET and NSTX. Plasma
Physics and Controlled Fusion 49 (12B), B371–B383.
Gorelenkov, N. N., Berk, H. L., Fredrickson, E., Sharapov, S. E. & JET EFDA
Contributors 2007b Predictions and observations of low-shear beta-induced shear
Alfvén acoustic eigenmodes in toroidal plasmas. Phys. Lett. A 370, 70.
Gorelenkov, N. N., Van Zeeland, M. A., Berk, H. L., Crocker, N. A., Darrow,
D., Fredrickson, E., Fu, G.-Y., Heidbrink, W. W., Menard, J. & Nazikian, R.
2009 Beta-induced alfvén-acoustic eigenmodes in national spherical torus experiment and
DIII-D driven by beam ions. Physics of Plasmas 16 (5), 056107.
Grad, H. 1969 Plasmas. Phys. Today 32 (12), 34.
Hasegawa, Akira & Chen, Liu 1974 Plasma heating by alfvén-wave phase mixing. Physical
Review Letters 32 (9), 454–456.
Hill, George William 1886 On the part of the motion of the lunar perigee which is a function
of the mean motions of the sun and moon. Acta mathematica 8 (1), 1–36.
Van der Holst, B, Beliën, AJC & Goedbloed, JP 2000 Low frequency Alfvén waves
induced by toroidal flows. Physics of Plasmas 7 (10), 4208–4222.
Horváth, L., Papp, G., Lauber, Ph., Por, G., Gude, A., Igochine, V., Geiger,
B., Maraschek, M., Guimarais, L., Nikolaeva, V. & et al. 2016 Experimental
investigation of the radial structure of energetic particle driven modes. Nuclear Fusion
56 (11), 112003.
Huysmans, G.T.A., Goedbloed, J.P. & Kerner, W. 1991 Isoparametric bicubic hermite
elements for solution of the grad-shafranov equation. International Journal of Modern
Physics C 02 (01), 371–376.
Huysmans, G. T. A., Kerner, W., Borba, D., Holties, H. A. & Goedbloed, J. P.
1995 Modeling the excitation of global alfvén modes by an external antenna in the joint
european torus (JET). Physics of Plasmas 2 (5), 1605–1613.
Kieras, C. E. & Tataronis, J. A. 1982 The shear alfvén continuous spectrum of axisymmetric
toroidal equilibria in the large aspect ratio limit. Journal of Plasma Physics 28 (3),
395–414.
Lauber, P. 2013 Super-thermal particles in hot plasmas-Kinetic models, numerical solution
strategies, and comparison to tokamak experiments. Physrep 533, 33–68.
Lauber, Ph, Brüdgam, M, Curran, D, Igochine, V, Sassenberg, K, Günter, S,
Maraschek, M, García-Muñoz, M & Hicks, N 2009 Kinetic Alfvén eigenmodes at
asdex upgrade. Plasma Physics and Controlled Fusion 51 (12), 124009.
14 M.V. Falessi, N. Carlevaro, V. Fusco, E. Giovannozzi, G. Vlad, F. Zonca
Lauber, Ph., Classen, I.G.J., Curran, D., Igochine, V., Geiger, B., da Graça, S.,
García-Muñoz, M., Maraschek, M. & McCarthy, P. 2012 Nbi-driven Alfvénic
modes at asdex upgrade. Nuclear Fusion 52 (9), 094007.
Lauber, Ph. & Günter, S. 2008 Damping and drive of low-frequency modes in tokamak
plasmas. Nuclear Fusion 48 (8), 084002.
Lauber, P. & Lu, Z. 2018 Analytical finite-Lamor-radius and finite-orbit-width model for
the LIGKA code and its application to KGAM and shear Alfvén physics. In Journal of
Physics Conference Series, Journal of Physics Conference Series, vol. 1125, p. 012015.
Lu, Z. X., Zonca, F. & Cardinali, A. 2012 Theoretical and numerical studies of wave-packet
propagation in tokamak plasmas. Physics of Plasmas 19 (4), 042104.
Lütjens, H., Bondeson, A. & Sauter, O. 1996 The CHEASE code for toroidal MHD
equilibria. Computer Phys. Comm. 97, 219–260.
Magnus, Wilhelm & Winkler, Stanley 2013 Hill’s equation. Courier Corporation.
Pao, Young-Ping 1975 The continuous mhd spectrum in toroidal geometries. Nuclear Fusion
15 (4), 631–635.
Pogutse, O.P. & Yurchenko, E.I. 1978 Energy principle and kink instability in a toroidal
plasma with strong magnetic field. Nuclear Fusion 18 (12), 1629–1638.
Salat, A. & Tataronis, J. A. 1997 The shear alfvén continuum in an asymmetric
magnetohydrodynamic equilibrium. Physics of Plasmas 4 (11), 3770–3782.
Sedláček, Z. 1971 Electrostatic oscillations in cold inhomogeneous plasma i. differential
equation approach. Journal of Plasma Physics 5 (2), 239–263.
Tataronis, J. & Grossmann, W. 1973 Decay of mhd waves by phase mixing. Zeitschrift für
Physik A Hadrons and nuclei 261 (3), 203–216.
Uberoi, C. 1972 Alfvén waves in inhomogeneous magnetic fields. Physics of Fluids 15 (9),
1673.
Zhang, H. S., Liu, Y. Q., Lin, Z. & Zhang, W. L. 2016 Gyrokinetic particle simulation of
beta-induced alfven-acoustic eigenmode. Physics of Plasmas 23 (4), 042510.
Zonca, F, Biancalani, A, Chavdarovski, I, Chen, L, Troia, C Di & Wang, X 2010
Kinetic structures of shear alfvén and acoustic wave spectra in burning plasmas. Journal
of Physics: Conference Series 260, 012022.
Zonca, F. & Chen, L. 2014a Theory on excitations of drift Alfvén waves by energetic particles:
I. Variational formulation. Phys. Plasmas 21, 072120.
Zonca, F. & Chen, L. 2014b Theory on excitations of drift Alfvén waves by energetic particles:
II. The general fishbone-like dispersion relation. Phys. Plasmas 21, 072121.
Zonca, F., Chen, Liu, Dong, J. Q. & Santoro, Robert A. 1999 Existence of ion
temperature gradient driven shear Alfvén instabilities in tokamaks. Physics of Plasmas
6 (5), 1917–1924.
Zonca, F., Chen, L. & Santoro, Robert A. 1996 Kinetic theory of low-frequency Alfvén
modes in tokamaks. Plasma Physics and Controlled Fusion 38 (11), 2011.
Zonca, F., Chen, Liu, Santoro, Robert A & Dong, J. Q. 1998 Existence of discrete
modes in an unstable shear Alfvén continuous spectrum. Plasma Physics and Controlled
Fusion 40 (12), 2009–2021.
